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Microscopic theory of quantum anomalous Hall effect in graphene
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We present a microscopic theory to give a physical picture of the formation of the quantum anomalous Hall
(QAH) effect in magnetized graphene coupled with Rashba spin-orbit coupling. Based on a continuum model at
valley K or K ′, we show that there exist two distinct physical origins of the QAH effect at two different limits.
For large exchange field M , the quantization of Hall conductance in the absence of Landau-level quantization
can be regarded as a summation of the topological charges carried by skyrmions from real-spin textures and
merons from AB sublattice pseudospin textures, while for strong Rashba spin-orbit coupling λR , the four-band
low-energy model Hamiltonian is reduced to a two-band extended Haldane model, giving rise to a nonzero Chern
number C = 1 at either K or K ′. In the presence of staggered AB sublattice potential U , a topological phase
transition occurs at U = M from a QAH phase to a quantum valley Hall phase. We further find that the band
gap responses at K and K ′ are different when λR , M , and U are simultaneously considered. We also show
that the QAH phase is robust against weak intrinsic spin-orbit coupling λSO , and it transitions to a trivial phase
when λSO > (

√
M2 + λ2

R + M)/2. Moreover, we use a tight-binding model to reproduce the ab initio method
obtained band structures through doping magnetic atoms on 3 × 3 and 4 × 4 supercells of graphene, and explain
the physical mechanisms of opening a nontrivial bulk gap to realize the QAH effect in different supercells of
graphene.
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I. INTRODUCTION

In 1879, Edward H. Hall discovered that when an electric
field flows through a conductor in the presence of a perpen-
dicular magnetic field, charge carriers subjected to the Lorentz
force are pushed to one side of the conductor. At equilibrium,
the carrier accumulation generates a transverse bias to balance
the Lorentz force. This is the famous “Hall effect”. In two-
dimensional electron systems, the quantized version of the
Hall effect was observed due to Landau quantization,1 which
is characterized by a precisely quantized Hall conductance,
i.e., σxy = Ce2/h, where C is known as the TKNN number or
Chern number.2,3

To produce a Hall effect, breaking time-reversal symmetry
is an essential condition. In addition to magnetic field, an
internal magnetization coupled with spin-orbit coupling could
also give rise to the Hall effect. To distinguish this from
the ordinary Hall effect, this magnetization-induced one was
called the “anomalous” Hall effect. Although it has been
experimentally observed for over a century, the physical origin
of the anomalous Hall effect is still unclear. In general,
the mechanism of the anomalous Hall effect is classified as
extrinsic or intrinsic according to its origins. The extrinsic one
arises from the spin-dependent scattering impurities, while the
latter one can be expressed in terms of Berry-phase curvatures
in the crystal momentum space.4

Similar to the quantization of the ordinary Hall effect,
the anomalous Hall effect was also predicted to be quan-
tized by Haldane in a honeycomb lattice toy model with
vanishing magnetic field.5 Subsequently, other proposals were
made toward the realization of the quantum anomalous Hall
(QAH) effect, i.e., in mercury-based quantum wells,6 disorder-
induced Anderson insulators,7 optical lattices,8 and magnetic
topological insulators.9 Despite the theoretical progress, the

QAH effect has not been observed experimentally. In a recent
paper,10,11 we found that graphene shows great potential to host
the long-sought QAH state in the presence of Rashba spin-orbit
coupling and exchange field. Based on the state-of-the-art
first-principles calculation method, researchers12,13 further
demonstrated that this QAH phase could be engineered via
doping 3d or 5d transition-metal atoms on the hollow sites
of graphene. The final realization of the QAH effect will
enable the application of novel quantum devices due to the
dissipationless nature.

In this paper, we demonstrate a microscopic theory to
study the physical origins of the QAH effect in graphene
due to the presence of both Rashba spin-orbit coupling
and exchange using a low-energy continuum model. In the
limit of strong exchange field and weak Rashba spin-orbit
coupling, the quantization of the Hall conductance should
be attributed to the real-spin texture-induced skyrmions and
AB sublattice pseudospin texture-induced merons, while in
the other limit, i.e., weak exchange field and strong Rashba
spin-orbit coupling, the four-band low-energy model can be
reduced to a two-band extended Haldane model. We also show
that this QAH phase is robust against weak staggered AB
sublattice potentials or intrinsic spin-orbit coupling, which is
present in real materials. Using a tight-binding method, we
reproduce all the ab initio obtained band structures of doping
magnetic atoms in 3 × 3 or 4 × 4 supercells of graphene. And
we give an explanation of the formation mechanism of the
QAH effect in 3 × 3 or 4 × 4 supercell of graphene.

The remainder of the paper is organized as follows. In
Sec. II, we present tight-binding and continuum models of
graphene in the presence of Rashba spin-orbit coupling,
intrinsic spin-orbit coupling, exchange field, and staggered
AB sublattice potential. Section III discusses the physical
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origin of the quantum anomalous Hall effect in graphene at
two different limits using a continuum model. In Sec. IV, we
show the robustness of the quantum anomalous Hall state in
the presence of either staggered AB sublattice potential or
intrinsic spin-orbit coupling. In Sec. V, we use a tight-binding
model to explain a recent ab initio work about realizing the
quantum anomalous Hall effect in 3 × 3 and 4 × 4 supercell
of graphene. A brief summary is given in Sec. VI to close the
paper.

II. MODEL HAMILTONIAN OF GRAPHENE

The real-space π -orbital tight-binding Hamiltonian of
single-layer graphene in the presence of uniformly distributed
Rashba or intrinsic spin-orbit coupling, exchange field, and
staggered AB sublattice potentials is written as10,14,15

H = H0 + HR + HSO + HM + HU, (1)

where each term is given by

H0 = −t
∑
〈ij 〉;α

c
†
iαcjα;

HR = itR
∑

〈ij〉;α,β

êz · (sαβ×dij )c†iαcjβ ;

HSO = 2i√
3
tSO

∑
�ij�

c
†
i s · (dkj×dik)cj ;

HM = M
∑
i;α,β

c
†
iαsz

αβciβ ;

HU =
∑
i;α

c
†
iαViciα.

Here, c
†
iα and ciα are π -orbital creation and annihilation

operators for an electron with spin α on site i. The first term
H0 represents the nearest-neighbor hopping with amplitude
t = 2.6 eV. The second term HR describes the Rashba spin-
orbit coupling with dij being a lattice vector pointing from
site j to site i. The third term HSO is the intrinsic spin-orbit
coupling with k connecting the next-nearest neighbor sites
i and j . 〈〉 (��) runs over all the nearest (next-nearest)
neighbor hopping sites. The fourth term and the last term
correspond to the exchange field and staggered AB-sublattice
potentials, respectively. We set Vi = +U at A-type sublattices
and Vi = −U at B-type sublattices. α and β denote spin
indices, and s are the spin Pauli matrices.

By performing a Fourier transformation, the real-space
Hamiltonian in Eq. (1) is converted to a 4 × 4 matrix H (k)
in the momentum space. In this paper, we choose the lattice
unit vectors to be

a1 = a

2
(2

√
3,0), a2 = a

2
(
√

3,3), (2)

and the corresponding reciprocal-lattice vectors are given by

b1 = 2π

a

(
1√
3
,
−1

3

)
, b2 = 2π

a

(
0,

2

3

)
, (3)

where a = 1.42 Å is the distance between nearest-neighbor
carbon-carbon atoms, and we set a to be unity in the following
calculation for simplicity. On the basis of {ψA↑, ψA↓, ψB↑,

ψB↓}, the corresponding momentum-space Hamiltonian of
each term is listed in the following.

(A) Nearest-neighbor hopping term:

H0(k) = −t

[
0 γ0

γ ∗
0 0

]
, (4)

with

γ0 =
[(

2 cos

√
3kx

2
cos

ky

2
+ cos ky

)

+ i

(
2 cos

√
3kx

2
sin

ky

2
− sin ky

)]
1s ,

where 1s is a 2 × 2 identity matrix.
(B) Rashba spin-orbit coupling term:

HR(k) = tR

[
0 γR

γ ∗
R 0

]
, (5)

with

γR =
[(

cos

√
3kx

2
sin

ky

2
+ sin ky

)

− i

(
cos

√
3kx

2
cos

ky

2
− cos ky

)]
sx

−
√

3 sin

√
3kx

2

(
i sin

ky

2
+ cos

ky

2

)
sy.

(C) Intrinsic spin-orbit coupling term:

HSO(k) = tSO

[
γSO 0

0 −γSO

]
, (6)

where

γSO = −4tSO sin

√
3kx

2

(
cos

3ky

2
− cos

√
3kx

2

)
sz.

(D) Exchange field term:

HM (k) = M

[
sz 0
0 sz

]
. (7)

(E) Staggered AB sublattice potential term:

HU (k) = U

[
1s 0
0 −1s

]
. (8)

By directly diagonalizing H (k) at each crystal momentum
k, one can easily obtain the bulk band structure. As reported
in a recent paper,10 we found that a nontrivial bulk gap opens
when both the Rashba spin-orbit coupling tR and exchange
field M are considered simultaneously. Through calculating
the Chern number by integrating the Berry curvatures in
the first Brillouin zone, we found that the resulting Chern
number is nonzero, indicating a quantum anomalous Hall
state. The central issue in this paper is to give a physi-
cal picture to understand the formation of this nontrivial
state. Therefore, study of the low-energy effective model is
required.
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Through expanding the tight-binding Hamiltonian in
Eqs. (4) to (8) at the vicinity of valleys K and K ′, i.e., (kx,ky) =
(±4π/3

√
3,0), the low-energy effective model Hamiltonian of

each term at valleys K and K ′ is summarized as follows on
the basis of {ψA↑, ψA↓, ψB↑, ψB↓}:

h0(k) = v(ησxkx + σyky)1s ; (9)

hR(k) = λR

2
(ησxsy − σysx); (10)

hSO(k) = ηλSOσzsz; (11)

hM (k) = M1σ sz; (12)

hU (k) = Uσz1s . (13)

Here, η = ±1 labels valley degrees of freedom; σ are Pauli
matrices representing the AB-sublattice pseudospin degrees of
freedom. The Fermi velocity, Rashba spin-orbit coupling, and
intrinsic spin-orbit coupling are given by v = 3t/2, λR = 3tR ,
and λSO = 3

√
3tSO , respectively.

One should note that the present tight-binding model in
the presence of uniformly distributed parameters is mainly of
academic importance and difficult to be realized in experiment.
To demonstrate the possibility of our proposal, we have
employed the first-principles calculation method to investigate
the electronic properties through doping 3d transition-metal
atoms on 3 × 3 and 4 × 4 supercells of graphene. And
it is reported that though the inducing Rashba spin-orbit
coupling and exchange field are nonuniformly distributed
in the supercells, they result in exactly the same quantum
anomalous Hall state and share the same spirit as those in
the theoretical model with uniform Rashba spin-orbit coupling
and exchange field.12 In Sec. V, we will present a tight-binding
model to simulate doping magnetic atoms on 3 × 3 and 4 × 4
supercells of graphene.

III. PHYSICAL ORIGIN OF QUANTUM
ANOMALOUS HALL EFFECT

When the Rashba spin-orbit coupling λR and exchange field
M are taken into account simultaneously, the continuum model
Hamiltonian is

H (k) = h0(k) + hR(k) + hM (k). (14)

In Refs. 10 and 11, we have pointed out that a nontrivial bulk
band gap opens up as long as λR and M are nonzero. Based on
the Kubo formula, when the Fermi energy lies within the bulk
band gap, the corresponding Hall conductance σxy is shown to
be quantized as

σxy = C e2

h
, (15)

where the Chern number is C = 2sgn(M) and can be calculated
from

C = 1

2π

∑
K,K ′

∑
n=1,2

∫ +∞

−∞
dkxdky
n(kx,ky). (16)
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FIG. 1. (Color online) (a) Chern number of each valence band as
a function of Rashba spin-orbit coupling λR at fixed exchange field
M/t = 0.3. (b) Chern number of each valence band as a function
of exchange field M at fixed Rashba spin-orbit coupling λR/t = 0.9.
The solid (blue) line represents the summation of the two valence
bands. The cutoff of kx and ky is set to be k0 = π/2a.

The sum is taken over both valley K or K ′ and n occupied
valence bands below the bulk band gap. 
n is the momentum-
space Berry curvature of the nth band and can be obtained
through the formula


n(k) = −
∑
n′ �=n

2Im〈ψnk|vx |ψn′k〉〈ψn′k|vy |ψnk〉
(ωn′ − ωn)2

, (17)

where ωn ≡ En/h̄, and vx(y) is the Fermi velocity operator.
It is already known that the Chern numbers of valleys K and

K ′ are equal;11 i.e., CK = CK ′ = 1. However, the component
from each valence band is still unclear. For clarity, we label
the lowest valence band as the 1st band, and the other one
close to the bulk band gap as the 2nd band. Figure 1 plots the
Chern number of each band and the total Chern number as
functions of exchange field M and Rashba spin-orbit coupling
λR . In Fig. 1(a), the exchange field is fixed at M/t = 0.3.
We find that, for extremely small Rashba spin-orbit coupling
λR → 0, the Chern number of the 1st valence band is half
quantized with a negative sign, i.e., C1 = −0.5, and that of the
2nd valence band is one and half quantized, i.e., C2 = 1.5.
When Rashba spin-orbit coupling λR gradually increases,
the absolute values of C1 and C2 are both reduced. On the
contrary, in Fig. 1(b) Rashba spin-orbit coupling is fixed to
be λR/t = 0.3. One observes that for extremely weak ex-
change field M → 0, the 1st valence band gives no contribu-
tion to the total Chern number; i.e., C1 = 0 and C2 = 1. Along
with the increasing of the exchange field, C1 increases with a
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negative sign while C2 is also linearly increased, keeping the
total Chern number quantized to be C = 1.

Based on the analysis of the Chern number response at
the two different limits, i.e., M/λR � 1 and λR/M � 1, one
can imagine that the resulting Hall conductance quantization
should correspond to different formation mechanisms. In the
following, we give a clear understanding of the physical origins
of the quantum anomalous Hall effect at the two different
limits.

A. M/λR � 1 limit: skyrmion and meron

From Fig. 1(a), one can note that both valence bands
contribute to the total Hall conductance; therefore the four-
band Hamiltonian cannot be reduced to a two-band effec-
tive Hamiltonian model. In the following, we study the
origin of the Hall conductance from each band. In our
studied single-layer graphene system, there are two kinds
of spin degrees of freedom: real-spin s and AB sublattice
pseudospin σ . On the basis of {ψA↑, ψA↓, ψB↑, ψB↓},
the real-spin and pseudospin components can be evaluated
through

〈si〉 = 〈ψ |1σ ⊗ si |ψ〉,
(18)

〈σ i〉 = 〈ψ |σ i ⊗ 1s |ψ〉,

where i = {x,y,z}, and |ψ〉 is a 4 × 1 eigenvector.
In Fig. 2, we exhibit the spin textures of the real-spin and AB

sublattice pseudospin at valleys K and K ′ for the two valence
bands below the bulk band gap, respectively. One can observe
that the real-spin textures of the two valence bands of valley K

are exactly the same as that of valley K ′ [see Figs. 2(a)–2(d)];
i.e., for the 1st band the spins are uniformly pointing toward the
south pole in the whole momentum space, contributing nothing
to the total Chern number, while for the 2nd band the spins
close to valleys K and K ′ point toward the south pole whereas
those far away from the center point toward the opposite north
pole (note that there should exist a circular region with spin
lying within the in-plane of the equator), which phenomenally
corresponds to a skyrmion that contributes to one topological
charge.16

However, it becomes more complicated for the AB sublat-
tice pseudospin textures [see Figs. 2(e)–2(h)]. For valley K ,
one can see that the in-plane pseudospin components of both
valence bands point toward the center with the same winding
pattern, the out-of-plane pseudospin components close to
the center point toward either the south pole (1st band) or
north pole (2nd band), but those far away from the center
are vanishing. For valley K ′, one finds that the pseudospin
textures are distinct from those at valley K . For example,
the in-plane pseudospins point toward the center without any
winding, while the out-of-plane pseudospins only exist near
the valleys and point to either the north pole (1st band) or
south pole (2nd band). All these suggest that each of the four
different pseudospin textures correspond to a meron, i.e., half
skyrmion.17

To confirm the above analysis, we should precisely cal-
culate the Chern number (or topological charge) resulting
from each special real-spin or pseudospin texture using the

formula

n = 1

4π

∫ ∫
dkxdky(∂kx

ĥ × ∂ky
ĥ) · ĥ, (19)

where n is a topological charge counting the number of times a
unit vector ĥ(k) winding around the unit sphere as a function of
k. ĥ(k) ≡ h(k)/|h(k)| with h(k) representing the projection
of the Hamiltonian shown in Eq. (14) into the real-spin or
pseudospin space. For M/λR � 1, our numerical calculation
shows that

nK
1s = nK ′

1s = 0; (20)

nK
2s = nK ′

2s � 1.0; (21)

nK
1σ = nK ′

1σ � −0.5; (22)

nK
2σ = nK ′

2σ � 0.5. (23)

Therefore the corresponding Chern numbers become

CK
1 = nK

1s + nK
1σ = −0.5; (24)

CK ′
1 = nK ′

1s + nK ′
1σ = −0.5; (25)

CK
2 = nK

2s + nK
2σ = 1.5; (26)

CK ′
2 = nK ′

2s + nK ′
2σ = 1.5; (27)

CK = CK
1 + CK

2 = 1; (28)

CK ′ = CK ′
1 + CK ′

2 = 1. (29)

From the relationship shown in Eqs. (22) and (23), one can find
that though the spins point to opposite poles (for example, see
the pseudospin textures of the 1st valence band at K and K ′),
their different winding patterns give rise to the same winding
number.

Therefore, in the limit of M/λR � 1, the formation of the
quantum anomalous Hall state originates from both skyrmions
carried by the real-spin textures and merons carried by the AB
sublattice pseudospin textures. Quantitatively, the pseudospin-
induced topological charges n from 1st and 2nd valence are
exactly opposite to cancel each other, which makes the real-
spin-induced skyrmions from 2nd become the only source
to achieve the quantized Hall conductance without external
magnetic field.

B. λR/M � 1 limit: an extended Haldane model

In the limit of strong Rashba spin-orbit coupling λR and
weak exchange field M , the total Chern number mainly comes
from the 2nd valence band while the contribution from 1st
valence band is negligible as shown in Fig. 1(b); i.e., C1 � 0
and C2 � 1. This indicates that it is possible to obtain a reduced
effective two-band model Hamiltonian through disregarding
the high-energy bands. By reconstructing the basis to be {ψA↑,
ψB↓, ψB↑, ψA↓}, the continuum Hamiltonian at valley K is
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FIG. 2. (Color online) Real-spin and pseudospin textures of the two valence bands of graphene below the band gap at valleys K and K ′

in the limit of M/λR � 1 (here, we set M = 0.8 and λR = 0.12). (a)–(d): Real-spin textures of the 1st and 2nd valence bands at valleys K

and K ′. (a) and (c): Spins point toward the south pole uniformly. (b) and (d): Spins at the center point toward the south pole while those far
away from the center point toward the north pole, which indicates a skyrmion. (e)–(h): Pseudospin textures of the 1st and 2nd valence bands at
valleys K and K ′. (e) and (f): In-plane pseudospin components share the similar winding pattern pointing toward the center, but out-of-plane
pseudospin components point toward south and north poles, respectively. (g) and (h): In-plane pseudospin components point toward the center
without any winding, while out-of-plane pseudospin components point toward north and south poles, respectively. Each pseudospin texture
corresponds to a meron or half skyrmion.

written as

HK =

⎡
⎢⎣

M 0 vk− 0
0 −M 0 vk+

vk+ 0 M −iλR

0 vk− iλR −M

⎤
⎥⎦ =

[
H1 T

T ∗ H2

]
,

where H1 and H2 represent the two block Hamiltonians on
the basis of (ψA↑, ψB↓) and (ψB↑, ψA↓), respectively; T

couples the two different blocks. At the vicinity of K , H1

and H2 correspond to the low-energy band (i.e., ε = ±M) and
high-energy band (i.e., ε = ±√

M2 + λ2
R), and the coupling T

becomes extremely weak. Therefore, an effective Hamiltonian

115439-5



QIAO, JIANG, LI, YAO, AND NIU PHYSICAL REVIEW B 85, 115439 (2012)

can be obtained to describe the low-energy physics at the K

point:

HK
eff � H1 − T H−1

2 T ∗ = dzσz + dyσy + dxσx,

dz = M

(
1 − v2

λ2
R

k2

)
,

(30)

dy = − v2

λR

(
k2
x − k2

y

)
,

dx = 2
v2

λR

kxky.

Similarly, after reconstructing the basis to be {ψB↑, ψA↓, ψA↑,
ψB↓}, the continuum Hamiltonian at valley K ′ becomes

HK ′ =

⎡
⎢⎣

M 0 −vk− 0
0 −M 0 −vk+

−vk+ 0 M iλR

0 −vk− −iλR −M

⎤
⎥⎦=

[
H1 −T

−T ∗ H ∗
2

]
.

Using a similar method in Eq. (30), we can obtain the reduced
effective two-band model Hamiltonian at the vicinity of K ′:

HK ′
eff � H1 − T (H ∗

2 )−1T ∗ = dzσz − dyσy − dxσx. (31)

Through comparing the obtained effective Hamiltonian at
K or K ′ in Eqs. (30) and (31) with the famous Haldane toy
model in Ref. 5, we find that they share a similar characteristic
form. Especially, when k2 > λ2

R/v2, the coefficient of dz can
change its sign from positive to negative. This signals that
the reduced effective Hamiltonians are definitely extended
Haldane models exhibiting a nonzero Chern number. Since the
sign is directly related to dz and dz is an odd (even) function
with respect to M (λR), the sign of the resulting quantum
Hall conductance should only be dependent on M . Moreover,
the coefficient of σz in Eq. (31) is exactly the same as that
in Eq. (30). Therefore, according to Eq. (19) both effective
Hamiltonians at K and K ′ give rise to the same Chern number;
thus the total Chern number is C = 2sgn(M).

IV. ROBUSTNESS OF QUANTUM
ANOMALOUS HALL EFFECT

A. Staggered AB sublattice potential

When graphene is doped with some magnetic atoms on
top of carbon atoms, i.e., one adatom sitting on top of the
carbon atom in a 4 × 4 or 5 × 5 supercell of graphene,
besides the magnetic proximity-induced exchange field and
the interaction-induced Rashba spin-orbit coupling, the imbal-
anced AB sublattice potentials may also be introduced.12 In the
following, we address the possible effect of the staggered AB
sublattice potentials on the quantum anomalous Hall state. In
the low-energy limit, the effective Hamiltonian in the presence
of Rashba spin-orbit coupling λR , exchange field M and
staggered sublattice potential U on the basis of {ψA↑, ψA↓,
ψB↑, ψB↓} is written as

H (k) = h0(k) + hR(k) + hM (k) + hU (k). (32)

After a direct diagonalization of the above Hamiltonian, the
energy dispersion can be expressed as

ε(k) = μ

√
P + ν

√
Q, (33)

with P and Q being the following:

P = M2 + U 2 + 1
2λ2

R + v2k2;

Q = λ4
R/4 + v2k2λ2

R + 4v2k2M2 − 2ηMUλ2
R + 4M2U 2,

where μ = ±1 stands for the conduction (+) and valence (−)
bands; ν = ±1 denotes the spin chirality. By imposing k = 0,
the bulk band gap � at valleys K and K ′ can be determined to
be

� = 2|M − ηU |, (34)

which indicates that at valley K (i.e., η = +1), along with
the increasing of the staggered AB sublattice potential U

from zero, the bulk band gap � first decreases; at a critical
M = U point, the bulk gap is completely closed; when U

further increases to be larger than M , a finite bulk gap reopens,
indicating a topological phase transition. However, at the other
valley K ′ (i.e., η = −1), the bulk gap � always increases
and does not experience a topological phase transition. The
different bulk band gap responses at K and K ′ are consistent
with the tight-binding result discussed in Ref. 18.

For a small staggered AB sublattice potential U , the system
is in the quantum anomalous Hall phase: Both valleys induce
the same unit topological charge CK = CK ′ = 1. As long as the
bulk gap is not completely closed at both K and K ′, the system
should always belong to the quantum anomalous Hall phase.
When U > M , a topological phase transition occurs at valley
K , indicating a band inversion with Chern number becoming
CK = −1. Since the topology at the valley K ′ always stays
the same, i.e., CK ′ = 1, the total Chern number vanishes with
C = CK + CK ′ = 0. But the difference of Chern numbers at
K and K ′ results in a quantum valley Hall phase with valley
Chern number Cv = (CK − CK ′ )/2 = 1. Though the resulting
new phase is the same as that in a gated bilayer graphene in the
presence of Rashba spin-orbit coupling and exchange field,11

the major difference is that the bulk gaps at K and K ′ are
simultaneously closed at some critical parameters.19

In a gated bilayer graphene, when only the Rashba spin-
orbit coupling is applied, the system experiences a topological
phase transition from a quantum valley Hall phase to a two-
dimensional strong topological insulator phase through tuning
the gate bias between top and bottom layers.20 It is natural to
hope that a similar topological insulator phase can be realized
by considering staggered AB sublattice potential and Rashba
spin-orbit coupling in single-layer graphene, since staggered
AB sublattice potential plays a similar role in breaking the
out-of-plane inversion symmetry as the gate bias in bilayer
graphene. However, we show that this is not the case. From
Eq. (34), one can find that the bulk band gap is only dependent
on the staggered AB sublattice potential U and the exchange
field M but independent of the Rashba spin-orbit coupling
strength. Thus, it is obvious that the resulting bulk gap in
the absence of exchange would be a constant for any Rashba
spin-orbit coupling strength at a fixed staggered potential
U . This signals that the topological insulator state cannot
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be achieved in single-layer graphene through tuning Rashba
spin-orbit coupling.

B. Intrinsic spin-orbit coupling

Since the spin-orbit coupling (Rashba or intrinsic) in
pristine graphene is very weak, one has to employ external
means to enhance it. Recent ab initio studies reported that
a better approach to enlarge the Rashba spin-orbit coupling
is via doping low-concentration 3d or 5d transition-metal
atoms on the hollow adsorption sites.12,13 Though we only
prefer the Rashba type spin-orbit coupling, the enhancement
of the intrinsic one is unavoidable.21 In the presence of intrinsic
spin-orbit coupling, Rashba spin-orbit coupling, and exchange
field, the continuum Hamiltonian is written as

H (k) = h0(k) + hR(k) + hSO(k) + hM (k). (35)

Through diagonalizing Eq. (35) at k = 0, the energy spectrum
at K can be expressed as

εK
1 = +M + λSO ;

εK
2 = −M + λSO ;

εK
3 = +

√
M2 + λ2

R − λSO ;

εK
4 = −

√
M2 + λ2

R − λSO.

And the corresponding energy spectra at K ′ are

εK ′
1 = +

√
M2 + λ2

R + λSO ;

εK ′
2 = +M − λSO ;

εK ′
3 = −

√
M2 + λ2

R + λSO ;

εK ′
4 = −M − λSO.

In general, the strength of the adatom-induced intrinsic
spin-orbit coupling is an order of magnitude smaller than the
induced Rashba strength, i.e., λSO � λR , and the exchange
field is often lager than the Rashba spin-orbit coupling strength.
Therefore, the resulting bulk band gaps at K and K ′ are

�K = εK
1 − εK

2 = 2M; (36)

�K ′ = εK ′
2 − εK ′

4 = 2M. (37)

This indicates that the bulk gaps at K and K ′ are only de-
pendent on M . As long as λSO � λR , the quantum anomalous
Hall phase would be robust against the weak intrinsic spin-orbit
interaction.

From the theoretical point of view, if the intrinsic term is
comparable with λR and M or even larger, the band gaps at K

and K ′ are modified to be

�K = ∣∣εK
3 − εK

2

∣∣ = ∣∣√M2 + λ2
R + M − 2λSO

∣∣; (38)

�K ′ = ∣∣εK ′
2 − εK ′

3

∣∣ = ∣∣√M2 + λ2
R + M − 2λSO

∣∣. (39)

Therefore, at λSO = (
√

M2 + λ2
R + M)/2, the bulk band gap

completely closes at both K and K ′. And it enters a new phase
with vanishing Chern number C = 0 when the intrinsic spin-
orbit coupling λSO further increases. Due to the presence of the

exchange field M , the time-reversal symmetry is broken. Thus,
it is no longer an intrinsic spin-orbit coupling-induced two-
dimensional topological insulator.14 In a recent paper, it has
been reported that this new phase is a time-reversal-symmetry-
broken quantum spin Hall phase.22

V. THEORY OF METAL ADSORPTION ON
3 × 3 AND 4 × 4 SUPERCELLS OF GRAPHENE

In the previous sections, we have assumed that all involved
parameters are uniformly distributed on each atomic site of the
graphene sheet. However, in a more realistic graphene sample,
the atom dopants are usually adsorbed on graphene with a low
concentration to avoid the direct transport through dopants
themselves. For example, the mostly adopted systems in the
ab initio study are 3 × 3, 4 × 4, 5 × 5, and 7 × 7 supercells of
graphene. For 3 × 3 supercells, valleys K and K ′ are coupled
to the � point resulting in the mixtures of valleys, but in the
last three kinds of supercells valleys K and K ′ are separated
and well-defined to be good quantum numbers. Therefore,
in the following discussion we only consider two representing
3 × 3 and 4 × 4 supercells of graphene using the tight-binding
methods.

There are three highly possible adsorption points in
graphene: top, bridge, and hollow.12,23 In Ref. 12, we have
shown that only the hollow-site adsorption can open a
nontrivial bulk gap to achieve the quantum anomalous Hall
state. An obvious characteristic of this kind of adsorption is
that the induced effects are nonuniformly distributed in the
supercell; i.e., the six nearest carbon atoms under the metal
adatom experience the largest exchange field M and Rashba
spin-orbit coupling tR , while for the other carbon atoms the
longer the distance from the adsorption site, the smaller the
induced interactions. Another most important term arising
from the adsorption is the crystal field stabilization energy
V0 (also known as on-site energy), which is the main factor
coupling valleys K and K ′ in the 3 × 3 supercell of graphene
when Rashba and exchange effects are absent.

In Fig. 3 we schematically plot the 4 × 4 (a) and 3 × 3 (b)
supercells of graphene. To emphasize the inhomogeneity, we
only consider the externally induced effects (tR , M , and V0)
on the six highlighted atomic sites of the supercells, while the
remaining atomic sites are modeled as a pristine graphene. In
our simulation, the effective tight-binding Hamiltonian is the
same as Eq. (1) by setting tSO = 0.

(a) (b) 

FIG. 3. (Color online) Schematic plot of (a) 4 × 4 and (b)
3 × 3 supercells of graphene. On-site crystal field potential, Rashba
spin-orbit coupling, and exchange field are only considered on the
highlighted sites.
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FIG. 4. (a) Bulk band structure of the 3 × 3 supercell of graphene
in the presence of only on-site potential V0/t = 0.50. A band gap �

opens at the � point. (b) Bulk gap � quadratically increases as a
function of V0.

A. 3 × 3 supercell of graphene

Figure 4 plots the bulk band structure of the 3 × 3 supercell
of graphene in the presence of only on-site potential and the
resulting gap dependence as a function of the on-site potential.
One can observe that a trivial band gap � opens at the � point
[see Fig. 4(a)], and the opened band gap increases quadratically
as a function of the on-site potential strength V0. This confirms
that it is the adsorption-induced on-site potential that couples
valleys K and K ′ to open a band gap, consistent with the ab
initio calculation result in Fig. 6 of Ref. 12.

When the exchange field M is further included, the bulk
gap first decreases due to the relative shift between the
spin-up polarized valence band and the spin-down polarized
conduction band [see Fig. 5(a)]. For even larger M as shown
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FIG. 5. Bulk band structure of the 3 × 3 supercell of graphene in
the presence of on-site potential V0/t = 0.50 and exchange field M .
(a) M/t = 0.05, (b) M/t = 0.20. ↑ and ↓ denote up and down spin
polarization.
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ε  
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Γ
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Γ

FIG. 6. (Color online) (a) Bulk band structure of the 3 × 3
supercell of graphene in the presence of on-site potential V0/t =
0.50, exchange field M/2 = 0.20, and Rashba spin-orbit coupling
tR/t = 0.05. (b) The magnification of the band gap selected by the
dashed square.

in Fig. 5(b), one can observe that the gap is completely closed
and the bands with opposite spin polarization cross.

If Rashba spin-orbit coupling is considered in addition to
the exchange field, we find that for small exchange field since
the original band gap from on-site potential does not close, and
the not-so-large Rashba spin-orbit coupling can only further
reduce the band gap. However, for large exchange field, the
situation becomes completely different; i.e., the Rashba spin-
orbit coupling opens a new band gap at the band-crossing
points as shown in Fig. 6.

To explore the nontrivial topology of the newly formed
insulating phase, we plot the total Berry curvature distribution

(kx,ky) of the occupied valence bands below the gap in Fig. 7.
One can find that the nonzero Berry curvatures are mainly

kx ky

FIG. 7. (Color online) Total Berry curvature distribution 
 in
the momentum space of the occupied valence bands below the band
gap. Only those around the � point are nonzero and share the same
negative sign.
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FIG. 8. (a) Bulk band structure of the 4 × 4 supercell of graphene
in the presence of on-site potential V0/t = 0.50. (b) Magnification of
bands near the Dirac crossing point. No gap opens at K and K ′.

located around the � point and share the same negative sign,
suggesting a nonzero Chern number. Through an integration
of Berry curvatures over the first Brillouin zone, the Chern
number is calculated to be C = 2.

Thus far, we can conclude that in the 3 × 3 supercells of
graphene, the prerequisite to realize the quantum anomalous
Hall effect is that the exchange field should be large enough
to close the trivial band gap arising from the crystal field
stabilization energy V0. To our surprise, a separate work24

proves that the randomness of the adsorption sites can
exponentially diminish the trivial band gap determined by
crystal field stabilization energy. This information manifests
the high possibility of engineering the long-sought quantum
anomalous Hall state in graphene through adsorbing random
magnetic atoms.
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FIG. 9. (a) Bulk band structure of the 4 × 4 supercell of graphene
in the presence of on-site potential V0/t = 0.50 and exchange field
M/t = 0.20. (b) Magnification of bands near the Dirac crossing point.
Arrows are used to denote the up and down spin polarizations.
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FIG. 10. (a) Bulk band structure of the 4 × 4 supercell of
graphene in the presence of on-site potential V0/t = 0.50, exchange
field M/t = 0.20, and Rashba spin-orbit coupling tR/2 = 0.05. (b)
Magnification of bands near the Dirac crossing point. Bulk band gaps
open at K and K ′.

B. 4 × 4 supercell of graphene

Let us now study the 4 × 4 supercell of graphene case.
Figure 8(a) plots the whole bulk band structure of the 4 × 4
supercell of graphene in the presence of only on-site potential
V0, and Fig. 8(b) magnifies the bands at the low-energy
region. One can observe that the bands at K and K ′ exhibit
linear Dirac-type dispersion without opening a band gap,
which is completely different from the result of the 3 × 3
supercell of graphene. Comparing with the band structure
of the pristine graphene, one can find that the bands at
the low-energy regime are similar except for a Fermi-level
shifting.

As shown in Fig. 9, when the exchange field is further
considered, the doubly degenerate bands become spin split
with spin-up bands upward shifting and spin-down bands
downward shifting. This resembles the spin-split of graphene
in the presence of uniformly distributed exchange field.10

Figure 10 plots the bulk band structure of the 4 × 4 supercell
of graphene in the presence of on-site energies, exchange field,
and Rashba spin-orbit coupling. One can observe that the
Rashba spin-orbit coupling term opens a gap at the spin-up and
spin-down band-crossing points near valleys K and K ′. This
gap formation should be nearly the same as that pointed out in
Ref. 10. Therefore, the corresponding Chern number should
be C = 2. These tight-binding band structures reproduce the
ab initio band structures demonstrated in Ref. 12.

VI. CONCLUSIONS

In this paper, we discuss the physical origins of the
formation of the quantum anomalous Hall effect in graphene
due to the presence of Rashba spin-orbit coupling λR and
exchange field M using a continuum model. We show that
in the limit of M/λR � 1, the quantization of the Hall
conductance arises from skyrmions carried by the real-spin
textures and merons carried by AB sublattice pseudospin
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textures at K and K ′; in the other limit λR/M � 1, the
four-band low-energy Hamiltonian is reduced to an extended
Haldane model, giving rise to a nonzero Chern number C = 1
at either K or K ′.

We demonstrate that the quantum anomalous Hall phase
is robust against weak staggered AB sublattice potential
U or intrinsic spin-orbit coupling λSO . In the presence of
a moderate staggered AB sublattice potential, the system
undergoes a phase transition from a quantum anomalous Hall
phase to a quantum valley Hall phase if U > M . Alterna-
tively, when a larger intrinsic spin-orbit coupling is applied,
graphene in a quantum anomalous Hall phase transitions to a
time-reversal-symmetry-broken quantum spin Hall phase22 at

λSO = (
√

M2 + λ2
R + M)/2.

Using a tight-binding model Hamiltonian, we reproduce
all the ab initio band structures12 (at the low energy level)
of doping magnetic atoms on the hollow site of the 3 × 3
and 4 × 4 supercells of graphene by considering the on-site
energy (crystal field stabilization energy), exchange field, and
Rashba spin-orbit coupling on only a circle of six atomic sites,
and explain the formations of the quantum anomalous Hall
state in the 3 × 3 and 4 × 4 supercells of graphene. For the
3 × 3 supercell of graphene, we show that the crystal field
stabilization energy is crucial to couple valleys K and K ′ to
open a trivial bulk band gap at the � point in the absence of

exchange field and Rashba spin-orbit coupling. We also find
that only when the exchange field is large enough to close the
trivial band gap from the crystal field stabilization energy, a
nontrivial bulk band gap exhibiting the quantum anomalous
Hall effect can be opened due to the presence of Rashba spin-
orbit coupling. For the 4 × 4 supercell of graphene, due to the
separation of valleys, no band gap opens when only the crystal
field stabilization energy is present. When the exchange field
and Rashba spin-orbit coupling are considered simultaneously,
the physical mechanism to open a bulk gap is exactly the same
as that in the presence of uniformly distributed parameters.10

Recently, it was found that interaction-controlled pseudospin
can also lead to zero-field Hall effect.25
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